Measuring ultrashort laser pulses in the time-frequency domain using frequency-
resolved optical gating

Rick Trebino, Kenneth W. DeLong, David N. Fittinghoff, John N. Sweetser, Marco A. Krumbligel, Bruce A.
Richman, and Daniel J. Kane

Citation: Review of Scientific Instruments 68, 3277 (1997);
View online: https://doi.org/10.1063/1.1148286
View Table of Contents: http://aip.scitation.org/toc/rsi/68/9
Published by the American Institute of Physics

Articles you may be interested in

Ultrafast optical parametric amplifiers
Review of Scientific Instruments 74, 1 (2003); 10.1063/1.1523642

Femtosecond pulse shaping using spatial light modulators
Review of Scientific Instruments 71, 1929 (2000); 10.1063/1.1150614

Generation of high energy 10 fs pulses by a new pulse compression technique
Applied Physics Letters 68, 2793 (1998); 10.1063/1.116609

High power ultrafast lasers
Review of Scientific Instruments 69, 1207 (1998); 10.1063/1.1148795

MEASUREMENT OF PICOSECOND LASER PULSE WIDTHS
Applied Physics Letters 10, 16 (2004); 10.1063/1.1754787

Generation of optical pulses shorter than 0.1 psec by colliding pulse mode locking
Applied Physics Letters 38, 671 (1998); 10.1063/1.92500

L attocube

pioneers of precision
Obstruction free access atto D RYSOO
optical table with integrated cryocooler

e Cryogenic Temperatures

e Ultra-Low Vibration
* Optical Table Included

¢ Fast Cooldown

Various Objective Options


http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/441844364/x01/AIP-PT/attocube_RSIArticleDL_112217/Physics_Today_attoDRY800_JAD_September.jpg/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Trebino%2C+Rick
http://aip.scitation.org/author/DeLong%2C+Kenneth+W
http://aip.scitation.org/author/Fittinghoff%2C+David+N
http://aip.scitation.org/author/Sweetser%2C+John+N
http://aip.scitation.org/author/Krumb%C3%BCgel%2C+Marco+A
http://aip.scitation.org/author/Richman%2C+Bruce+A
http://aip.scitation.org/author/Richman%2C+Bruce+A
http://aip.scitation.org/author/Kane%2C+Daniel+J
/loi/rsi
https://doi.org/10.1063/1.1148286
http://aip.scitation.org/toc/rsi/68/9
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.1523642
http://aip.scitation.org/doi/abs/10.1063/1.1150614
http://aip.scitation.org/doi/abs/10.1063/1.116609
http://aip.scitation.org/doi/abs/10.1063/1.1148795
http://aip.scitation.org/doi/abs/10.1063/1.1754787
http://aip.scitation.org/doi/abs/10.1063/1.92500

REVIEW ARTICLE

Measuring ultrashort laser pulses in the time-frequency domain
using frequency-resolved optical gating

Rick Trebino, Kenneth W. DeLong, David N. Fittinghoff, John N. Sweetser,
Marco A. Krumbugel, and Bruce A. Richman
Combustion Research Facility, Sandia National Labs, Livermore, California 94550

Daniel J. Kane
Southwest Sciences, Incorporated, Suite E-11, 1570 Pacheco Street, Santa Fe, New Mexico 87501

(Received 9 December 1996; accepted for publication 9 May )1997

We summarize the problem of measuring an ultrashort laser pulse and describe in detail a technique
that completely characterizes a pulse in time: frequency-resolved optical gating. Emphasis is placed
on the choice of experimental beam geometry and the implementation of the iterative phase-retrieval
algorithm that together yield an accurate measurement of the pulse time-dependent intensity and
phase over a wide range of circumstances. We compare several commonly used beam geometries,
displaying sample traces for each and showing where each is appropriate, and we give a detailed
description of the pulse-retrieval algorithm for each of these casesl9%r American Institute of
Physics[S0034-674807)00209-9

|. THE PROBLEM OF MEASURING AN ULTRASHORT has occurred in the development of techniques for the mea-
LASER PULSE surement of ultrashort laser pulses. It is now routine to com-

The past decade has seen tremendous progress in 1 Ieetely characterize the time dependence of these pulses in

5-20 H
development of lasers that emit ultrashort pufsésLight e laboratory: With the most commonly used.new
pulse-measurement method, frequency-resolved optical gat-

I r roachin rations of a singl tical le— e .
pulses are approaching durations of a single optical cycle ing, (FROG),16-1821-34t is now possible to measure pulses
one to two femtoseconds (18 s) for visible and near-IR .

. - over a wide range of wavelengths, pulse lengths, and com-
wavelengths. And, in addition, the use of ultrashort pulses; ~. . : .
lexities and to do so in a manner that is general, robust,

for both fundamental studies and applications is increasing . . .
ccurate, and rigorous. Single-shot measurement is

5.8
rapldAlz.these ulses shrink in lenath and arow in utility. the straightforward>?*3! FROG measurements are insensitive
P 9 9 Y: €45 noise?®3 Feedback regarding the quality of the data vir-

ability to measure them becomes increasingly important I o .
. : 7 tually eliminates the possibility that systematic error could
There are several reasons for this. First, precise knowledge

- o= e “““Cause one pulse to mimic anotér?3* Indeed, internal
of the pulse properties is necessary for verifying theoretica ; . .
- 010 . consistency checks in FROG even allow the correction of a
models of pulse creatioh:® Second, in order to make even

shorter pulses, it is necessary to understand the distortior%rsace for many types of systematic error, even when the

that limit the length of currently available pulss® Thirg,  S0Urces) of the error is unknowri! Complex apparatus is
. . ) L . not necessary; FROG simply involves spectrally resolving
in experiments using these pulses, it is always important t

. . ?he signal beam of an autocorrelation measurement. As most
know at least the pulse length in order to determine the tem- :

. . : . ultrafast laboratories already possess an autocorrelator and
poral resolution of a given experiment. Moreover, in many

. . L spectrometer for pulse measurement, complete pulse mea-
experiments—studies of molecular vibrations, for example—

o . ) . urement using FROG requires no new apparatus. Finally, it
additional details of the pulse’s structure play an importan . ) .

. - 4 is also possible to measure very weak pulses: combining
role in determining the outcome of the experiment. Of par-

. . . - . FROG with spectral interferometry allows full characteriza-
ticular importance is the variation of frequency during the

pulse, known as “chirp.” For example, chirped pulses cantlon of a pulse train containing less than one photon per pulse

a8
cause much greater molecular photodissociation than un2" average. o .
What does full characterization mean? The pulse is de-

chirped _pul_seé. Four_th, a nhew class_ of material- fined by its electric field as a function of timE(t). For the
characterization techniques is now evolving that depends N ) . .
ake of simplicity, we treat the field as linearly polarized and

heavily on the ability to precisely characterize an ultrashor herefore consider only the scalar component of it. We also

pulse experimentally. More detailed material information €an. .cume that the pulse separates into the product of spatial
be discerned by fully characterizing the input and output b P P P

pulses in such method&? Finally, numerous applications and temporal factors, and we neglect the spatial factie

have emerged for shaped ultrashort puléd and, of will dlscuss' the spatiotemporal measurement of a pulse
o ater) The time-dependent component of the pulse can be
course, it is necessary to be able to measure the shape of the

. Written:
pulse used in these measurements.
Fortunately, in the past five years, remarkable progress E(t)=Re{VI(t) expliwgt—ig(t))}, D
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where [ (t) and ¢(t) are the time-dependent intensity and the intensities of the two input pulses. It is clear that this
phase of the pulse, andl is a carrier frequency. The time- yields some measure of the pulse length because no second
dependent phase contains the frequency versus time informbharmonic intensity will result if the pulses do not overlap in
tion, and the pulse instantaneous frequeneft), is given time; thus, a relative delay of one pulse length will typically

by reduce the SHG intensity by about a factor of 2.
de Specifically, an autocorrelator yields
w(t)Zwo—a. (2) %
A(r)= f I(t)I(t—7)dt, (5)

Thus, a constant-phase pulse experiences no frequency varia-
tion in time. Linear variation ofp in time is simply a fre- where 7 is the relative delay between the pulses. Unfortu-
quency shift. But quadratic variation @f with time repre- nately, this measurement yields a smeared out version of
sents a linear ramp of frequency versus time. Pulses with(t), and it often hides structure. For example, satellite
increasing frequency versus time are said to be “positivelyoulses must be indirectly inferred from enlarged wings in
chirped,” and pulses with decreasing frequency versus timé\(7). In addition, in order to obtain as little information as
are said to be “negatively chirped.” When the phase distor-the pulse length, a guess must be made as to the pulse shape,
tion is simply quadratic, the chirp is said to be linear. Higher-yielding a multiplicative factor that relates the autocorrela-
order terms imply nonlinear chirp. tion full width at half-maximum to that of the puls&t).

The pulse field can equally well be written in the fre- Unfortunately, this factor varies significantly for different
guency domair(neglecting the negative-frequency tgrm common pulse shapes. This has resulted in an unfortunate

temptation to choose an “optimistic” pulse shape, such a

E(w)=VI(w—wo) explig(w—wy)), 3 secH(t), which yields a large multiplicative factor and hence
whereE(w) is the Fourier transform oE(t). T(w—wo) is & Shorter pulse length for a given measured autocorrelation
the spectrum an@(w— wy) is the spectral phase. The spec- Width. Also, even when the spectrum or another quantity,
tral phase contains time versus frequency information, anguch as the interferometric autocorrelatigr'is also mea-
we now define the group delay versus frequeriéy) [not  Sured, there is not sufficient information to determine the

the inverse ofw(t)], given by pulse. Finally, systematic error can be present in the mea-
43 sured autocorrelation—misalignment effects that can intro-

T(w)= _‘P_ (4) duce distortions—and it is difficult to know when the mea-
do sured autocorrelation is free of such effects. Despite these

As in the time domain, a frequency-domain constant-phaséeriogs drawbacks, the autocorrelation and spectrum have
pulse experiences no frequency variation with tifme more remained the standard measures of ultrashort pulses for over
precisely, time variation with frequengyLinear variation of 25 years, largely for lack of better methods.
o(w— wg) with frequency is simply a shift in time, that is, a
delay. Quadratic variation @f(w— wy) with frequency rep- Il. THE TIME-FREQUENCY DOMAIN
resents a linear ramp of group delay versus frequency and A large number of clever schemes have been developed
corresponds to a pulse that is linearly chirped. Also, as in thever the past 25 years to better measure ultrashort laser
time domain, higher-order terms imply nonlinear chirp. pulses*?~4"Most have been novel experimental implementa-
We desire to measuig(t) [or E(w)] completely, thatis, tions and variations of autocorrelators, but many have also
to measure both the intensity and phase, expressed in eitheffered additional information about the pulse, although
domain. We must be able to do so even when the pulse hasever full characterization. Recently, however, there has
significant intensity structure and highly nonlinear chirp, thatbeen a renaissance in this fiéftand several new techniques
is, in the general case. have emerged that do achieve full characterization. They op-
Previously available technology has consisted essentiallgrate, not in the time or frequency domains, but in the “time-
of autocorrelators and spectromet&s®® The spectrometer frequency domain.®#°%° This somewhat unintuitive do-
operates in the frequency domain and, of course, measur@sain has received much attention in acoustics research, but it
the spectrum. Unfortunately, it has not been possible to meeras received only scant use in optics problems. Measure-
sure the spectral phase. In the time domain, it has not beanents in the time-frequency domain involve both temporal
possible to measure eithkft) or ¢(t) because these pulses resolution and frequency resolution simultaneously. A well-
are so much shorter than the temporal resolution of measur&nown example of such a measurement is the musical score,
ment devices. The main device available for time-domainwhich is a plot of a sound wave’s short-time spectrum versus
characterization of an ultrashort pulse has been théime, with additional information on the top indicating inten-
autocorrelator®=3® which, since no shorter event is avail- sity (e.g.,fortissimoor pianissimg. A mathematically rigor-
able, uses the pulse to measure itself. Specifically, it involvesus version of the musical score is the spectrogtam:
splitting the pulse into two, variably delaying one with re- P 2
spect to the other, and spatially overlapping the two pulsesin  S(w,7)= J’ E(H)g(t—nexp —iwt)dt| , (6)
some instantaneously responding nonlinear-optical medium, o
such as a second-harmonic-generat®HG) crystal. ASHG  whereg(t— ) is a variable-delay gate function. The spec-
crystal will produce light at twice the frequency of input trogram is the set of spectra of all gated chunk€E¢f) as
light with an intensity that is proportional to the product of the delay,r, is varied.

3278 Rev. Sci. Instrum., Vol. 68, No. 9, September 1997 Ultrashort laser pulses



Knowledge of the spectrogram @&(t) is sufficient to  the two-dimensional Fourier transform of the desired quan-
essentially completely determiig(t)**>* (except for an ab- tity Esig(t,Q2). The problem is then to find the phase of the
solute phase factor, which is of no interest in optics prob-Egurier transform of E¢(t,Q). This is the 2D phase-
lems. The FROG technique involves measuring the spectroretrieval problent®
gram of the pl_Jlse. _ _ _ _ Quite unintuitively, this is a solved problem when cer-

The question that immediately arises, however, is: Whagain additional information regardinBg,(t,Q2) is available,
gate function is available in the laboratory? It is best to use &,ch as that it has finite suppdthat is, is zero outside a
gate that is shorter than the pulse, although not too short, Gfyite range of values of andQ).%8-%1This is in contrast to
spectral information—and hence phase information—will beyne 1p problem, in which it is impossible to find a function
lost. Of course, no event shorter than the pulse is available tgf one variable whose Fourier-transform magnitude is
be used as a gate; as in an autocorrelator, it is necessary fiown, despite additional information, such as finite support.
use the pulse to gate itself. As a result, a nonlinear-opticaingeed, in the 1D case, infinitely many additional solutions
interaction must be used to perform the gating. In fact, whagyist58.6263 The two-dimensional phase-retrieval problem
is required is a spectrally resolved autocorrelaféf:*If the  occurs frequently in imaging problerfis® where finite sup-
signal pulse in a SHG-based autocorrelator is spectrally résort is common. In ultrashort-pulse measurement, the re-

solved, the result is a spectrogram: quired additional information consists, not of finite support,
2 k -
* . but of the knowledge of the mathematical formkag(t,(}).
SHG — _ _ [s)
IErod @, 7) f_xE(t)E(t nexp—iot)dt . @) For example, in SHG FRO&, we know that Esig(t, 7)

. ) . =E()E(t—7). In another version of FROG, -called
The above measurement is precisely the FROG teChn'qli‘?olarization-gate(PG) FROGY’ Esig(t,r)=E(t)|E(t—7-)|2.

H 17,22
using the SHG proces§;"**so we have labeled the above 1,ig aqitional information turns out to be sufficient, and
expressionl grogw, 7), that is, the "SHG FROG trace.” g the problem is solveld.Indeed, it is solved in a par-
Other autocorrelation beam geometries are also commonltycmaﬂy robust manner, with many other advantageous fea-

used for FROG measurements, yielding alternative types OtLres, such as feedback regarding the validity of the
spectrograms, and they will be discussed and compared latgj,;,23.3234 |, gac. VII. we will discuss the algorithm that

In addition, we will briefly discuss the “sonogram,” a rela- finqg the solution to the two-dimensional phase-retrieval
tive of the spectrogram, which involves gating in the fre- b0 for yitrashort-laser-pulse measurement in detail.
guency domain with a narrowband gate and then time resolv-

ing the gated piece of the waveform. The sonogram has al% A BRIEF HISTORY OF
been used for ultrashort-pulse measuremetit6->3-57 ULTRASHORT-LASER-PULSE MEASUREMENT

The first use of time-frequency methods for ultrashort-

IIl. PHASE RETRIEVAL laser-pulse characterization was by Treacy in 1&7&ho
plicates the problem somewhat. Spectrogram inversion algdntensity and phase from them. Unfortunately, this work does
rithms require knowledge of the gate funcfibrand hence ot appear to have been appreciated at this time, and the final
cannot be used. The problem must then be recast into anoth@€P Of pulse retrieval from these sonograms was not taken.
form. The solution is to rewrite the above expression as thd Nese ideas were rediscovered only recefft7:** Chilla
“two-dimensional phase-retrieval problent?2122:52 and Martinez were the first to retrieapproximately the

We begin by referring to the autocorrelator signal field,full intensity and phase of an ultrashort pulse from a
E(t) E(t— 1) for an SHG autocorrelator, &;(t,7). Now sonogram>°>>*®Others have since developed variations on

’ H . H . 9157 .

considerEqt, ) to be the Fourier transform with respect to their method"*Ishida and co-workers were, to our knowl-
7 (nott) of a new quantity that we will calEg(t,Q). It is edge, the first to make spectrograms of ultrashort laser
, - S pulses, but they did not retrieve pulses from tH8nt8 Tre-
important to note that, once fountie(t,(}) easily yields 1 % 1\ o 47212252 o duced phase-retrieval techniques
the pulse field,E(t). Specifically, E(t) = Eq(t,€2=0) (a and were the first to develop a riporous metiBROG foC:
complex multiplicative constant remains unknown, but is of barng

o o o ! pulse characterization. In this work, we will concentrate on
:Alzttle(tw;t)e)res). Thus, to measurg(t), it is sufficient to find FROG. FROG is the most studied and established ultrashort-
sig\ ts .

W ite th ion for the FROG ._pulse measurement technique, and it has all of the advan-
€ now rewr.|te the expression for the trace Intages mentioned in Sec. |, while other techniques do not. It
terms of Egiq(t,€2): also makes explicit use of phase retrieval, which is respon-
2 . . - .
SHG [T T sible for its accuracy and versatility, while other methods do
IFROG(“”T)_’ f_mEs,g(t,Q)exp( lot=1QndtdQ) .5 and, as a result, achieve at best approximate results for
) simple pulses only.

This expression can be verified by simply doing fhénte-

gration, which then vyields Eq.7). Here, we see that the
measured quantityﬁgg‘g(w,r),AiS the squared magnitude of FROG is any autocorrelation-type measurement in
the 2D Fourier transform oEg(t,(2). The spectrogram which the autocorrelator signal beam is spectrally resolved

measurement thus yields the magnitude, but not the phase, tfee Figs. 1 and)27?1?252Because several different beam

V. FROG: GENERAL FEATURES
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FT-limited  Neg.Chirp  Pos. Chirp

I(t) , o(t)

(o) , ¢(w)

o(t), t(w)

PG FROG

SD FROG

THG FROG

SHG FROG

FIG. 2. FROG traces for the various FROG geometries for typical ultrashort light pulses. The top row shows the intensityl ¢ tis®@id line), and phase vs timep(t) (dashed ling for

various pulses. The next row shows the spectflv.(m,f ) (solid line), and the spectral phasg(w— w,) (dashed ling for each pulse. In the first two rows of plots in this figure, the ticks on

the phase axis correspond to incrementsroadians. The third row shows the instantaneous frequency vs dit (in blue). Also shown in the third row is the group delay vs frequeri¢y)

(in green. Note that thé(w) plots must be turned sideways because the horizontal axis in this row of figures is time, and the vertical axis is frequency. Arrows in this figure indicate infinities.
The remaining four rows show false-col@purple means high intensity and red means low intep$iFOG traces for the various pulses for the different FROG beam geometries: polarization
gate(PO), self-diffraction(SD), second-harmonic generati¢8HG), and third-harmonic generatigiHG). Note that no row exists for transient gratifiiG) FROG because it yields traces that

are identical to PG FROG or SD FROG, depending on which pulse is delayed. Note that the PG and SD FROG traces mirror the instantaneous frequency vs time or the group delay vs frequency,
whichever is more intuitive. The THG FROG traces are more symmetrical, and hence less intuitive, and the SHG FROG traces are perfectly symmetrical and hence have an ambiguity in the
direction of time.
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Cubic Spec-  Quartic Spec- Double Pulse Double Pulse
tral Phase tral Phase (in phase) (out of phase)

1), o) |

1), o(@) |

‘I(t} s “m) i

PG FROG

SD FROG

THG FROG

SHG FROG

FIG. 2 (Continued.
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geometries can be used for performing autocorrelation mea-

WP
PG ® Pol _P_Aﬂ__cam surements, there are also several beam geometries for per-
FROG 5 1 PrL forming FROG measurements, and they are illustrated in
Pol * Fig. 1, and some of their properties are summarized in Table
® “’ﬁﬂ- I. Each yields its own traces, although some geometries yield
hoG ot G similar traces, and learning to read them is easy if one re-
¢ x»  eTA members that they are essentially musical scores of the pulse.
Y o A Measured traces for various pulses are shown in Fig. 2. The
;goe ~S 5 L* pulse intensity gnd phase may be es_tlmat_ed 5|mply by look-
® 0 Cam ing at the experimental trace, or the iterative algorithm may
be used to retrieve the precise intensity and phase versus
SHG R 20 time or frequency(usually in a few seconds to a minute
FROG ® @ Pr4~/t Cam Before we discuss these geometries in detail, however, we
L describe several general features of FROG.
HG w>”'<{3®4ﬂ Cam Unlilke other uItrashort—puIse—n.weas'urement methods,
FROG - I = o L‘W FROG is very accurate. No approximations are made. All

FIG. 1. Schematics of five different beam geometries for performing FROG
measurements of ultrashort laser pulses: polarization ¢a®, self-

diffraction (SD), second-harmonic generatig®HG), and third-harmonic
generation(THG), and transient gratingTG) FROG. Solid lines indicate

that must be assumed in FROG is a nearly instantaneously
responding medium, and even that assumption has been
shown to be unnecessary, as the medium response can be
included in the algorithni® Similarly, any known systematic
error in the measurement may also be modeled in the

input pulses, and dashed lines indicate signal pulses. The nonlinearity of thﬁlgorithm32’34 although this is not generally necessary, ex-

nonlinear medium is shown; Pepolarizer; WR=wave plate; P+#prism;
L=lens; and CamxCamera. The prism-lens combination in each arrange-
ment is meant to represent a generic spectrometer, which could involve a

cept for extremely short pulses<0 fs).
Also, unlike other ultrashort pulse measurement meth-

grating or other dispersive element instead of the prism. Not shown arggds, FROG completely determines the pulse with essentially
delay lines and various additional lenses, also common to all arrangementﬁ.'ﬁnite temporal resolutioﬁmzlt does this by using the time

The frequencies showw, 2w, 3w) are the carrier frequencies of the pulses
involved and indicate whether the signal pulse has the same carrier fr
quency as the input pulse or is shifted, as in SHG and THG.

dlomain to obtain long-time resolution and the frequency do-

main for short-time resolution. As a result, if the full pulse
spectrogram is entirely contained within the measured trace,
then there can be no additional long-time pulse structure

TABLE I. Brief summary of the characteristics of the various FROG beam geometries. Single-shot and mul-
tishot sensitivity values are very rough and assume 800 nm, 100 fs pulses from a regeneratively amplified or

unamplified Ti:sapphire oscillator, respectively, using a weak focus to aboyid0d the nonlinear medium.
Tighter focus (- 10 um) is assumed in THG FROG because the nonlinearity assumed for this table is a surface
effect, and the resulting decrease in Rayleigh range results in no loss of signal.

Geometry PG SD TG THG SHG
Nonlinearity x® x® x® x® x?
Sensitivity ~1ud ~10pud ~0.1ud ~0.03uJ ~0.01uJ
(single shox
Sensitivity ~100nJ ~1000 nJ ~10nJ ~3nd ~0.001 nJ
(multishob
Advantages Intuitive Intuitive Bkgrnd-free; Sensitive; Very
traces; traces Sensitive; Very large sensitive
Automatic Intuitive bandwidth
phase traces
matching
Disadvantages Requires Requires Three beams Unintuitive Unintuitive
polarizers thin medium; traces; traces;
not phase Very shortA ShortA
matched signal signal
Ambiguities None known None None Relative Direction of
known known phase of time;
multiple Rel. phase
pulses: of multiple
¢, o+ 27/3 pulses:
@ ot

3282 Rev. Sci. Instrum., Vol. 68, No. 9, September 1997
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(since the spectrogram is essentially zero for off-scale de-

lays), and there can be no additional short-time pulse struc- & Frar P B Forizer e A
ture (since the spectrogram is essentially zero for off-scale 5 Jowsvesiate 18 mancanas Sage

frequency offsets Interestingly, this extremely high tempo- o bens A2 o M
ral resolution can be obtained by using delay increments that Fp b ks T probe I

are as large as the time scale of the structure. Again, this is o] | . =< L] 4w
because the short-time information is obtained from large I | U gate £y
frequency-offset measurements. Thus, as long as the mea- — L fM

sured FROG trace contains all of the nonzero values of the “BS

pulse FROG trace, the result is rigoro(Sf course, the trace

typically only falls asymptotically to zero as it extends to FIG. 3. Experimental apparatus for multishot PG FROG measurements.

delays and frequency offsets dfo in all directions, but

these low values outside the measured trace do not signifspectrum or autocorrelation, and expressions have been de-

cantly affect the retrieved pulge. rived relating these quantities. Comparison with the spec-
Another useful and important feature that is unique totrum is especially useful. The marginals can even be used to

FROG is the presence of feedback regarding the validity otorrect an erroneous trace. The interested reader is referred

the measurement data. FROG actually contains two differenb the relevant references for more detail on this

types of feedback. The first is probabilistic, rather than desubject?®3234

terministic, but it is still helpful. It results from the fact that

the FROG trace is a time-frequency plot, that is, Ny N

array of points, which are then used to deterniihimtensity V|- THE FROG APPARATUS: BEAM GEOMETRIES

points andN phase points, that is,\2 points. There is thus In this section, we describe and compare several FROG
significant overdetermination of the pulse intensity andpeam geometries and their traces, so that the choice of which

phase—there are many more degrees of freedom in the tra‘@%ometry to use may be more easily made. We also give
than in the pulse. As a result, the likelihood of a trace com-,

- i sufficient detail to set up several of them.
posed of randomly generated points corresponding to an ac-
tual pulse is very small. Similarly, a measured trace that had- Polarization-gate FROG
been contaminated by systematic error is unlikely to corre-  polarization-gate (PG) FROG7 2123243570 sa5  the
spond to an actual pulse. Thus, convergence of the FROgolarization-gate beam geometry, popular for optical gating
algorithm to a pulse whose trace agrees well with the meagnd shown in Fig. 1 and in greater detail in Fig. 3. In this
sured trace virtually assures that the measured trace is free gkometry, the pulse is split into two, with one pulghe
systematic error. Conversely, nonconvergence of the FROGprobe™) then sent through crossed polarizers and the other
algorithm (which rarely occurs for valid traceindicates the  (the “gate”) through a half-wave plate or other device in
presence of systematic error. To appreciate the utility of thigrder to achieve a-45 deg linear polarization with respect
feature, recall that intensity autocorrelations have only thregp that of the probe pulse. The two pulses are then spatially
constraints: a maximum at zero delay, zero for large delayssverlapped in a piece of fused silitar other medium with a
and even symmetry with respect to delay. These constraintgery fast third-order susceptibility In the fused silica, the
do not limit the autocorrelation trace significantly, and onegate pulse induces a birefringence through the electronic
commonly finds that the autocorrelation trace can vary quit&err effect, a third-order optical nonlinearity, also known as
a bit in width during alignment while still satisfying these the nonlinear refractive index. As a result, the fused silica
constraints. Other intensity-and-phase methods measure agts as a wave plate while the gate pulse is present, rotating
time-frequency-domain plot, but they use only the mean dethe probe pulse’s polarization slightly, which allows some
lay versus frequency or similar quantity and, as a result, alsfight to be transmitted through the analyzer. Because bire-
lack this feedback. It should be emphasized that this argufringence occurs only when the gate pulse is present, this
ment is merely probabilistic, and that, on one occasion, wgjeometry yields an autocorrelation measurement of the pulse
encountered a systematic-error-contaminated SHG FRO® one simply measures the energy of the light transmitted
trace that yielded convergence. However, the SHG FROGhrough the analyzer versus the relative delay between the
trace has additional symmetry that is lacking in other FROGwo pulses. And by spectrally resolving the light transmitted
methods, so such an occurrence is more likely there. Thby the analyzer versus delay, a PG FROG trace is measured.
other FROG methods have so far reliably revealed system- The PG FROG trace is given by
atic error in this manner. % 2

Another feedback mechanism in FROG is deterministic |Egoc,(w,7')=J E(t)|E(t—7)|* exp(—iwt)dt] . (9)
and has proven extremely effective in revealing systematic o
error in SHG FROG measurements-ofl0 fs pulses, where Note that the gate function in PG FROG |E(t— 7)|?,
crystal phase-matching bandwidths are insufficient for thewhich is a real quantity and so adds no phase information to
massive bandwidths of the pulses to be measured. It involvake gated slice oE(t) whose spectrum is measured. As a
computing the “marginals” of the FROG trace, that is, inte- result, PG FROG traces are quite intuitive, accurately reflect-
grals of the trace with respect to delay or frequency. Theng the pulse frequency versus time. Sample PG FROG
marginals can be compared to the independently measurddaces are shown in Fig. 2.
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PG FROG is the most intuitive FROG variation, and it 750F
has many other desirable qualities. First, and most impor-
tantly, there are no known ambiguities in PG FROG. Thus,

PG FROG yields complete and unambiguous pulse charac- £ 7701
terization in all known cases. £

This lack of ambiguities is quite useful, but it is also §, 7901
interesting because it is well known that the spectrogram— S
which is different from FROG in that it uses an independent %
gate function(i.e., not a gate consisting of the pulse itself, as = g0}

in FROG—has an ambiguity in the relative phase of well
separated pulses. For such an independent-gate spectrogran
the relative phase of well separated pulses is completely un- 830 ' ' L
determined. This is because, when the two pulses are sepa (@) -500  -250 Dela?, (ts) 250 500
rated by more than the gate width, the spectrogram splits into

the sum of the two individual-pulse spectrograms, and the 750F
squared magnitude prevents the determination of the relative
phase. There are thus infinitely many different relative-phase
values possible in the independent-gate spectrogram of well-
separated pulses. This ambiguity does not occur in PG
FROG | or any other FROG variation, although SHG FROG
has a single ambiguityp and ¢+ 7, and third harmonic
generation(SHG) FROG has a double ambiguity, and ¢
+27/3, in the relative phase of such pulses for other rea-
song because, in FROG, the gate is the pulse itself, so the
pulses cannot be separated by more than the gate width.

‘Another advantage of PG FROG is that the nonlinear- 83_0500 250 5 250 500
pptlcal process is automatically phase matched, so alignment (b) Delay (fs)
is easy.

Disadvantages of PG FROG are that it requires high- -2~ = @ =7 = =125
quality polarizers(an extinction coefficient of better than A Phase Y t gf:
10 ° is recommendedwhich can be expensive. In addition, E o) NS
high-quality polarizers tend to be fairly thick, so pulses can _ 0.8¢
change due to material dispersion while propagating through 0.6 -
them. This is not as problematic as it first appears because g
the full pulse intensity and phase are measured at the fusec= o.4f .
silica, so it is possible to theoretically propagate the pulse to K
any point before or after the point where it was measured. 0.2 .~
Nevertheless, this is somewhat undesirable. A further disad- 0
vantage of the requirement of high-quality polarizers is that -500 -250 o 250 500
they are unavailable in spectral regions such as the deep UV (c) Time (fs)

(<~250 nm). They also limit sensitivity because there is
FIG. 4. (a) Experimental multishot FROG trace for an ultrashort laser pulse

always Som_e Ieakage. _anith positive linear chirp.(b) FROG trace for the pulse retrieved by the
Thesle_ disadvantages are nOt severe, however, especiag)orithm. (c) Retrieved intensity and phase. Note the similar pulse intensity
for amplified ultrashort pulses in the visible and the near-IR.and phase to that shown in Fig. 2 for a linearly chirped pulse. In Figs. 4 and

And to date, the PG FROG technique has been used by ma%contour lines represent the values: 2%, 5%, 10%, 20%, 40%, 60%, and
groups to perform multishot and single-shot measurement: %.
of ultrashort pulses, and a commercial PG FROG product is
currently available. signal pulse, and it is sent into a 1/4 m spectrometer incor-
Typical values of the various optical elements in a mul-porating a~ 1200 line per mm diffraction grating. A home-
tishot PG FROG device for measuring amplified 100 fs, 800made spectrometer, using a grating and a pair of lenses also
nm, >100 nJ pulses from a regeneratively amplified Ti:sap-works well (the focus in the fused silica can function as the
phire laser are as follow$. A 50% beam splitter splits the entrance slit A video or CCD camera at the output plane of
pulse to be measured into two, one of which passes througthe spectrometer then measures the spectrum averaged over
crossed calcite polarizetextinction coefficient< 10 °), the  as many as 1000 pulses. The delay of one of the two pulses
other of which is polarization rotated by a wave plée is then varied using a delay line, and the spectrum is mea-
out-of-plane propagatigrto a +45-degreglor circulap po-  sured for about 100 different delays, a few femtoseconds
larization. The pulses, lightly focused using~&0 cm lens, apart. The above spectrometer yields more than sufficient
overlap in an approximately 1-mm-thick piece of fusedspectral resolution for measurements-0100 fs pulses, and
silica. The light passing through the second polarizer is thét may be necessary to combine adjacent spectral values to

770

790

Wavelength (nm)

810

~
~

n
(peJ) aseud
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FIG. 6. Experimental apparatus for single-shot PG FR@&m Kane and
— 780 Trebino (Ref. 21]. In order to perform a single-shot measurement, the
£ beams are crossed at a large andle—20 de@ and focused with a cylin-
£ drical lens, yielding a line focus in the nonlinear medium, where the relative
% delay between the two pulses varies with spatial coordinate along the line
g 800 focus. This focus is then imaged onto the entrance slit of the spectrometer,
® whose output yields the entire FROG trace on a single shot. In this appara-
- tus, the out-of-plane propagation of one of the beams is to rotate the polar-
s 820} ization of the beam by about 45 deg.
840 large angle, say, about 10 deg. In this manner, the relative
1 1 1 I . . .y
700 -350 0 350 700 delay between the pulses varies with position at the fused
(b) Delay (fs) silica nonlinear medium. A spherical lens then images the
line-shaped beam-overlap region at the fused silica onto the
1.2¢ | e ' =] 25 entrance slit of the spectrometer, so that delay is then
[ —Intensity 1 20 . . . .
P Phase . mapped onto position along this slit. The optics of the spec-
[ o w] 20 trometer then image this delay variation onto the exit plane
. 0.8} R e IR of the spectrometer. As a result, at the exit plane of the
= 0.6k : yesosmom § spectrometefshown on its side in Fig.)6 delay proceeds
8 110 ° horizontally and frequency proceeds vertically, and the entire
= 0.4} 8 trace is obtained on each laser shot.
1g = In such a single-shot geometry, any focusing of the
0.2¢ beams into the fused silica nonlinear medium should be per-
0 0 formed with a cylindrical lens because the range of delays
-700 -350 0 350 700 achievable in this manner is proportional to the spot size in
(c) Time (fs) the plane of the beams, and several mm spot sizes are typi-

cally required to achieve a few hundred fs of delay. It is

pulse ultrashort laser pulséb) FROG trace for the pulse retrieved by the essential, in u_slng this type .Of beam geomet_ry, t.O maintain
algorithm. (c) Retrieved intensity and phase. Note that FROG is able toexcell(—:‘nt spatial beam quality, and spatial filtering of the
retrieve a pulse that is quite compleRiscrepancies between the measured beams before the FROG device is recommended. Single-shot
and retrieved traces are probably due to spatial inhomogeneities in thgperation is easily achieved with all FROG beam geometries
beam) in a similar manner. It should be mentioned that such mea-
surements require the use of an imaging spectrometer, that is,
reduce the number of points per spectrum. Indeed, for tha spectrometer that images the entrance slit onto a focused
measurement of significantly shorter pulses, a prism speand untilted slit at the exit plane. Because off-axis reflections
trometer may be use€d:>*Figures 4 and 5 show typical ex- are usually used in commercial spectrometers, they typically
perimental PG FROG traces and the retrieved pulse intensare not of this type, unless specifically designed, usually with
ties and phases for two different ultrashort pulses. Thesaspherics, to be so. Interestingly, the typical “home-brew”
measurements were made by Kohler, Wilson, andspectrometer, constructed using a pair of lenses and a grating
co-workers’® who routinely make complex shaped pulses foror prism (see Fig. 1, is, in fact, an imaging spectrometer,
the control of chemical reactions. provided that on-axis propagation occurs at both lenses.
PG FROG is easily implemented in a single-shot beanSingle-shot PG FROG experiments have been performed on
geometry, which can yield measurement of a single ulvisible and 308 nm UV pulses by Kane and Trebfhé?
trashort laser pulse. This is achieved by focusing the two In all versions of FROG, beam angles should be as small
beams with a cylindrical lens and crossing them at a fairlyas is acceptable in view of scattered light and, if single shot,

FIG. 5. (8 Experimental multishot FROG trace for a shapdultiple
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the required range of delays. Otherwise, a geometricalor FROG measurements of amplified ultrashort puléés-
smearing effect can artificially broaden the pulse in time.deed, the TG geometry is very popular in nonlinear-
This effect was described for single-shot PG FROG by Tierspectroscopy measuremefts/°also, and its advantages for
et al”* and DeLonget al.?? and for multishot PG FROG by such measurements are also advantages for FROG measure-
Taft et al®* but also can occur in all versions of FROG as ments.
well as in other pulse-measurement techniques. TG FROG is a three-beam geometry, requiring that the
Finally, recall that PG FROG utilizes a third-order non- input pulse be split into three pulses. Two of the pulses are
linearity, so the signal intensity scales as the third power obverlapped in time and space at the optical-Kerr medium,
the input intensity. Consequently, pulses that are longer oproducing a refractive-index grating, just as in SD FROG. In
weaker by a factor of 2 yield one eighth the output power. TG, however, the third pulse is variably delayed and over-
And an increase in the spot size by a factor of 2 yields ondapped in the fused silica and is diffracted by the induced
sixty-fourth the signal intensity. The same is, of course, truggrating to produce the signal pulse. The four beam angles
for other third-order FROG and autocorrelation methods. (three input and one outpuin TG geometries usually take
the form of what is known as the BOXCARS arrangentént,
B. Self-diffraction FROG in which all input pulses and the signal pulse are nearly
) . 9231 collinear, but appear as spots in the corners of a rectangle on
Self-diffraction (SD)***"is another beam geometry that 4 card placed in the beams. While nonlinear spectroscopists
uses the electronic Kerr effect as the nonlinear-optical progfen use an arrangement in which two beams nearly coun-
cess for making optical gating in FROG measuremése®  terpropagate with the other twé78 all four beams should
Fig. 1). SD FROG also involves crossing two beams in anearly copropagate in FROG measurements in order to avoid
piece of fused silicgor other third-order nonlinear mediym temporal smearing effects due to large beam angles.
but in SD FROG, the beams can have the same polarizations. Depending on which pulse is variably delay@dth the
The beams generate a sinusoidal intensity pattern and henggher two coincident in time the TG FROG trace is math-
induce a material grating, which diffracts each beam into th%matically equivalent to PG FROG or SD FROG. To see

directions shown in Fig. 1. Spectrally resolving one of thesqhis, note that if pulse No. 2 in Fig. 7 is variably delayed, the
beams as a function of delay yields an SD FROG tracesignal pulse is given by

examples of which are shown in Fig. 2. The expression for

the SD FROG trace is Edg(t,7)=E1(t)E5 (t— 7)E4(t). (1)
|§Boe(w 7-)=‘ f“ E(t)2E(t— 1)* exp(—iot)dt 2. (10) Since all pulses are identical, this becomes
o Edsi(t,m)=E(1)?E* (t—1), (12)

SD FROG traces differ slightly from PG FROG tracé&or S _ _ _

a linearly chirped pulse, the slope of the SD FROG trace iwhich is just the expression for the _SD_ FROG signal field.
twice that of the PG FROG tra&As a result, SD FROG is An analogous argument shows that if either of the other two
more sensitive to this and other even-order temporal-phaddISes is variably delayed, the signal field is identical to the
distortions. It is, however, less sensitive to odd-order”C FROG signal fieldwith a reversed sign of the delny

temporal-phase distortions. SD FROG also uniquely deter] NUS; TG FROG yields familiar traces. _
mines the pulse intensity and phase. TG FROG has several advantages over its two-beam

An advantage of SD FROG over PG FROG is that itcousins. Unlike PG FROG, it avoids polarizers, so it does not
does not require polarizers, so it can be used for deep ylistort extremely short pulse_s,_ and hence can be used in the
pulses or pulses that are extremely short, for which highdeéep UV. More importantly, it is background-free. It can use
quality polarizers are unavailable or undesirable. On théll parallel pol(g)nzatlons, which yields greater signal strength
other hand, SD is not a phase-matched process. As a resupgcause they, element of the susceptibility tensor is a
the nonlinear medium must be kept thift <200 xm) and factor of three larger than the off-diagonal elements used in
the angle between the beams smatl(2 deg) in order to PG FROG. This fact, coupled with the Iapk 'o.f polarizer-
minimize the phase mismatch. In addition, the phase misléakage background, makes TG FROG significantly more
match is wavelength dependent. Consequently, if the pulsgénsitive than PG FROG. Unlike SD FROG, TG FROG is
bandwidth is large, the SD process can introducg®hase matched, so long interaction lengths in the nonlinear
wavelength-dependent inefficiencies into the trace, resultin?“"ld'um may be used, enhancing signal strength due to the
in distortions. These pitfalls are easily avoided fo100fs ength-squared dependence of the signal. In addition, larger
pulses, and Clement and co-workers have shown that SBeam angles may be used than in SD FROG, reducing any

FROG is a good method for measuring amplified ultrashorgcattered-light background. As a result, TG FROG is also
pulses in the violet on a single shbt. significantly more sensitive than SD FROG. At the same

time, TG FROG retains the intuitive traces and ambiguity-
free operation common to these two-beam FROG methods.
The only disadvantage of TG FROG is the need for three
Ideally, one would like a beam geometry that is bothbeams and to maintain good temporal overlap of the two
phase matched and free of polarizers. The transient-gratingpnstant-delay beams. But we have found these requirements
(TG) beam geometrysee Figs. 1 and)ds such a geometry, not to be particularly inconvenient, and the advantages of
and we consider it to be the best all-round beam geometrthis geometry far outweigh the disadvantages. For example,

C. Transient-grating FROG
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FIG. 7. Experimental apparatus for TG FR@@m Sweetseet al. Ref. 72. The input pulses are numbered 1, 2, and 3, agdifidicates the signal pulse.
A “BOXCARS” beam geometry is best, in which each pulse propagates at the corner of a rectangle. All pulses should propagate in nearly the same direction
to avoid temporal smearing. Two pulses should be coincident in time, while the other has variable delay. The inset shows the phase-matching condition.

the large bandwidth of this entirely phase-matched geometrtime. The pulse, E(t), and its time-reversed replica,
and the avoidance of potentially pulse-distorting polarizer€(—t), both yield the same SHG FROG trace. Thus, when
make TG FROG ideal for measuring extremely short pulsean SHG FROG trace is measured and the phase-retrieval
(~20 fs) of a few tens of nJ or more. Indeed, Rundquist andalgorithm run on it it is possible that the actual pulse is the
co-workers have made such measurements with excellent réme-reversed version of the retrieved pulse. This ambiguity
sults. can easily be removed in one of several ways. One is to
make a second SHG FROG measurement of the pulse after
D. Second-harmonic-generation FROG distorting it in some known manner. The most common
, method is to place a piece of glass in the be@fore the

. We have already menuongd the S.HG FROG methodbeam splitter, introducing some positive dispersion and
F:jgures 1 andeSHsGhol\:NRgzge_matlcs .O.f .thlis.m.eth(?d. Thelma| ence chirp into the pulse. Only one of the two possible
advantage o . 00 1S §en5|t|V|ty. 't. INVolves only aopulses is consistent with both measureme(i®kacing a piece
second-order nonlinearity, while the previously mentione

o . ; : . _of glass after the beam splitter—in only one beam—and
FROG variations use third-order optical nonlinearities, . . . L
. : easuring only a single SHG FROG trace is not sufficient to
which are much weaker. As a result, for a given amount o

input pulse energy, SHG FROG will yield more signal Ioulseremove this ambiguity, un_Iess traces_ using two differen_t el-
energy. SHG FROG is commonly used to measure unamplf?ments are madeAnother is to k_no_w n a_d_vance s_omethmg
fied pulses directly from a Ti:sapphire oscillator, and it cana}bOUt the p4u|se, such as that 't_ o pos_mve_ly chirped. A_nd
measure pulses as weak as about 1 pJ; it is only slightly leddaly: Taft** has found that placing a thin piece of glass in
sensitive than an autocorrelator. the pulse before the beam splitter so that surface reflections

The main disadvantages of SHG FROG are that, unnkéntroduc;e a s.mall trailing satellite pulse also removes the
the previously mentioned third-order versions of FROG, it2mPiguity. This method has the advantage of requiring only
has an unintuitive trace that is symmetrical with respect tPhe SHG FROG trace measurement to determine the pulse
delay, and, as a result, it has an ambiguity in the direction Ofthleetime—reversed pulse in this case has a leading satellite

pulse.
Despite the existence of a “proof® that the only am-

biguity in SHG FROG is the direction of time, we have also

Ersy E?“;j,:,cé‘,ﬁi‘,ﬂ, :&;: &E%?;detemr A tTS recently discovereq e}r?other class of a}mbiguiFies in SHG
M2: M2 Wave Plate TS: Translation Stage FROG. These ambiguities rarely appear in practical measure-

™ ments but are worth mentioning. If the pulse consists of two

F L Cry L (or more well separated pulses, then the relative phase of the

probe / pulses has an ambiguity. Specifically, the relative phages,

Ph — M and ¢+ 7, yield the same SHG FROG trace and hence can-

g om not be distinguished. Note that this ambiguity also occurs
— “ - when one measures the simple spectrum of the pulse pair, so

FIG. 8. Experimental apparatus for multishot SHG FROG.
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adding the spectrum to the SHG FROG trace does not re-
move it (the information contained in the spectrum is con-
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tained in the SHG FROG trace anywayhis ambiguity is
less severe than and should be distinguished from the ambi- 3851
guity mentioned earlier in spectrograms using an indepen-
dent gate(i.e., not FROG, which is a complete indetermi-
nacy of the relative phase between well separated pulses.

The most important experimental consideration in SHG
FROG is that the SHG crystal have sufficient bandwidth
(i.e., be thin enough, since the bandwidth is inversely pro-
portional to the crystal thicknesso frequency double the
entire bandwidth of the pulse to be measured. If the crystal is
too thick, then the SHG FROG trace will be too narrow
along the spectral axis, leading to nonconvergence of the | ! !
algorithm. It is important to realize that autocorrelators carry -800  -400 0 400 800
the same crystal-bandwidth requirement, but this require- Delay (fs)
ment is often violated in practice because, unlike FROG, no
independent check of the autocorrelation trace exists. Also, a 3851
very convenient feature of FROG is that it is possible to
correct for this effect* SHG FROG has been discussed in
detail in other work!®:17:21:23:29,34.79

Figure 9 shows a typical SHG FROG apparatus, consist-
ing of a 50% beam splitter, a delay line using two mirror
pairs (or corner cubeson translation stages to give variable
delays, a 10- to 50-cm-focal-length lens or mirror to focus
the pulses into the SHG crystalsually potassium dihydro-
gen phosphate KDP) or (BBO)], and a 1/8 to 1/4m
spectrometer/camera. A filter blocks the fundamental- ! L I
frequency light, although this is also done by the spectrom- -800  -400 0 400 800

392 -

400

408 -

Wavelength (nm)

415

1

392

400

408

Wavelength (nm)

415

eter. As in autocorrelation and other pulse-measurement Delay (fs)

methods, the crystal thickness for measuring 100 fs, 800 nm 0

pulses should be no more than300um for KDP and 10 - Intensity 1°
~100um for BBO. Figure 9 shows an experimental SHG A Phase . 1a
FROG trace for a pulse with very small satellite pulses, the >1 0 ; ] 3
retrieved FROG trace, and the retrieved intensity and phase. 3 5 : 13 8
Note the good agreement between experimental and re- §1° i 15 ;
trieved traces, even at the10 # level. The retrieved pulse = f A 178
yields a FROG errofthe rms error between experimental 10 af ] 1
and retrieved traces; see Sec. VII for further discussion of the af /,/\f\ ]
FROG erroy of 0.0016, indicative of a very accurate mea- 10 o0 200 o 200 800

surement. We also refer the reader to the excellent recent Time (fs)
work of Dudley and co-workers, who have used SHG FROG

to measure exceedingly complex pulses resulting fronfIG. 9. (a) Experimental multishot SHG FROG trace for a pulse from an
; : unamplified Ti:sapphire oscillator. In order to illustrate the large dynamic
propagation throth 700 m of fib&. range of SHG FROG, we have plotted the square root of the FROG inten-
) ) ) sity, which emphasizes the small details and weak satellite pulses. In addi-
E. Third-harmonic-generation FROG tion, the contour lines indicate the values 2%, 4%, 6%, 12%, 20%, 40%,
. . . . . 60%, and 80%. The 2% contour thus indicates 0 * in the actual trace.

It is also p0§SIb|e tO. use th”d'harmonm generation,) The SHG FROG trace computed for the retrieved intensity and phase.
(THG) as the nonlinear-optical process in a FROG apparatuslote that details at the level of>410~* are reproducedc) The retrieved
This has been done by Tsarej al, using surface THG intensity and phase for this trace. Note the satellite pulses at-th@ *
(STHG),! a surprisingly strong effect, which has allowed '®V¢"
the measurement of unamplified pulses from a Ti:sapphire
oscillator. Figures 1 and 10 show the arrangement for THGield, E(t) or E(t— 7), is squared in the above expression.

FROG. The choice is irrelevant and only serves to reflect the trace
The expression for the THG FROG trace is with respect tor.
2 The main advantage of THG FROG is that, like the other

IEESG(MFU E()E(t—nexp(—iwt)dt| , (13)  third-order FROG methods, it removes the direction-of-time
o ambiguity that occurs in SHG FROG. In addition, the STHG
which is similar to that of SHG FROG, except that one of theeffect is sufficiently strong that STHG FROG can be used to
factors is squared. There are two possible signal beams thateasure unamplified pulses from a Ti:sapphire oscillator. In-
can be spectrally resolved in THG FROG measurements, andked, currently, the only third-order FROG method to
the choice of these beams determines which factor of thachieve this measurement has been STHG FROG.
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It should also be mentioned that fused silica is not the

P“’Sel only material that can be used for third-order FROG mea-

g;l?nn;r f,}:fj surements of ultrashort laser pulses. Any strongly nonlinear
A/l fast-responding material can be used. Luther—Dagtes &

1 & :spectrometer have used the thin-film polymer, PPV, which offers excellent

E() ’ signal strength in very thitffew micron thickness. Heavy-

5 5 metal-doped glasses also appear promising.
delay Other nonlinear-optical processes can also be used. We
have, for example, recently shown that cascaded second-

order processes can mimic the polarization-gate geometry,

but with a much stronger effective nonlinearifyThe appli-

cation of this idea to FROG will be published soon. Paramet-

FIG. 10. Experimental apparatus for THG_ FRQfEom ngnget al. Ref. ric up or down conversion may also be used. Any other fast

:ﬂlle)}.dil::(;:e that the two pulses overlap spatially at the exit face of the glas?lonlinear-optical process can produce an autocorrelation
measurement, and hence a FROG measurement, as well. It is
simply necessary to modify the algorithm to account for the

In terms of its performance, THG FROG is intermediatechange in the expression for the signal field, as will be dis-
between SHG FROG and the other third-order FROG metheyssed in Sec. VII.
ods. It is less sensitive than SHG FROG, but more sensitive
than PG and SD FRO_G. If[s_ traces are similar to SHG FROQ/H. THE EROG PULSE RETRIEVAL ALGORITHM
traces—somewhat unintuitive—but they have a slight asym-
metry that distinguishes them from SHG FROG traces and Several FROG pulse-retrieval algorithth
removes the direction-of-time ambiguity. On the other handhave been published, and the best possible computer pro-
THG FROG traces are not as intuitive as the other thirdgram for pulse retrieval would incorporate all of them,
order FROG traces. And while THG FROG lacks theswitching from one to another as one stagnates. We have
direction-of-time ambiguity of SHG FROG, it does have found one exception to this rule, however, and that is that the
relative-phase ambiguities with well-separated multipleuse of an independently measured spectrum as an additional
pulses, as is the case for SHG FROG, but not for the othegonstraint® tends to cause instabilities due to a required de-
third-order FROG methods. And, for pulses that are perfectlonvolution and hence is not recommend&dn addition,
linearly chirped and perfectly Gaussian in intensity, the sigriwe have found that one algorithmic technique is so reliable
of the chirp parameter is indeterminate in THG FRQ#%  and so superior to the others that most pulses can be re-
though this is extremely unlikely to occur in practic&hus,  trieved with it alone. That algorithmic method is called gen-
THG FROG and its special case, STHG FROG, represent @ralized projection$® and it is frequently used in phase-
compromise between other FROG variations and hence magtrieval problems unrelated to FROG. It is also commonly
best be used only in special cases, such as for the measutsed in many other problems, from x-ray crystallography to
ment of an unamplified oscillator pulse train when only onethe training of artificial neural networks. Indeed, it is one of
trace can be made, no additional information is availablethe few algorithmic methods than can be proven to converge
and direction-of-time ambiguity is unacceptable. when reasonable conditions are met.

There is a unique advantage to STHG FROG, however, The goal of the pulse-retrieval problem in FROG is to
and that is that the THG interaction is a surface effect, so thénd E(t), or, equivalentlyEq((t, 7). In order to do this, we
phase-matching bandwidth is extremely large. As a resultpbserve that there are two equations, or constraints, that
STHG FROG may be ideal for extremely short laser pulsesEsig(t, 7) must satisfy. One is that the measured FROG trace
which require such a thin SHG crystal that SHG FROG meais the squared magnitude of the 1D Fourier transform of
surements are difficult. For example, 10 fs pulses at 800 nrisig(t, 7) with respect to time:
require a KDP crystal with a thickness of about @t or oo 2
less, which is possible to obtain, but not a trivial polishing  |Frod @, 7)= f_wEsig(t,T)eXIO(—iwt)dt : (14
task. Thinner crystals represent even greater challenges.

Consequently, Ti:sapphire pulses fs in duration may best The other constraint is the mathematical form of the signal

be measured with STHG FROG. Note that STHG would bdield in terms of the pulse fieldE(t), for the particular

preferred for this measurement over surface SHG, becaugnlinear-optical process used in the measurement. The vari-

surface SHG is significantly weaker than surface THG. ous versions of FROG that we have discussed so far have the
signal-field forms:

E(t)|E(t—7)|2 for PG FROG
F. Additional experimental issues E(t)2E*(t—7) for SD FROG

Esig(tr7')°c .
) A boud b and | ; E(O)E(t—17) for SHG FROG
entire trace: the trace should be an island in a sea of zeros. 2
That no cropping of the trace should occur may seem an E()"E(t=7)  for THG FROG
obvious point, but cropped traces are the most commoin this list, we have omitted TG FROG because it yields the
cause for poor retrieval for new users of FROG. same expressions as PG or SD FROG.

%1,25,26,79,84

In all FROG measurements, it is essential to measure the (15
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spect to timeEQfg(wi ,7j), wheret;, 7, and w;j=1,..N.
These quantities are eadh or N> complex numbers. The
superscript, K), in all of these definitions indicates that these

quantities arek™ iterations of the actual quantities for the

h S
Sc;ll'ut?on T ‘a‘

iy = pulse.
/ // iﬁ;{,ﬂg{'ﬂgﬁgﬁﬁt }2',"2'53(‘:?)3 In order to perform a GP to the FROG-trace data con-
' straint set, it is simply necessary to replace the magnitude of

2
teroa(6) ” Eall7) oxp(i0) dtl ; E{)(wi,7) with the square root of the measured FROG
trace,l prod @i, 7j). It is easy to show that this simple re-
placement yields the smallest change in the signal field that
is consistent with measured trace. Thus, this simple replace-
FIG. 11. Geometrical interpretation of the generalized-projecti@® it- ment is a GP for all versions of FROG.

erative algorithm, showing that convergence to the correct réatinter- . .
section of the two constraint s¢is guaranteed when the constraint sets are It is, however, more difficult to perform a GP to the

convex. (Convergence remains highly likely even when the sets are nofNathematical-form constraint set. The goal here is to find the
convex, as is the case in FRQGigure adapted from article by DeLong closest signal field to the current iteration for the signal field,
et al. Ref. 26. E{o(ti,7), that has the desired mathematical foféq.
(15)] for the particular version of FROG. In other words, we
The goal is to find the signal fieldg(t,7), that satis-  wish to find the new signal fieldz{ V(t;, 7)), that is, the

sig
fies both of these constraints, Eq44) and (15), for the  k+ 1% iteration, that minimizes the functional distance:
particular beam geometry. N
The essence of the generalized projections technique is Z:ijzl |E(sli(g;(ti ,Tj)—E(S'ng)(ti )2 (16)

graphically displayed in Figure 11. Consider Fig. 11 as a

Venn diagram in yvhich the entirg figure _represents_ the_set Oénd is of the form of Eq(15). We can guarantee that both of
all complex functions of two variables, i.e., potential S|gnalthese conditions are met by explicitly substituting EtF)

f|eld-s, Esiglt, 7). Thg S|gnal fields satisfying t_hg data €O into the above distance function and solving directly for the
straint, Eq.(14), are indicated by the upper elliptical region, 1, s field. In particular, for SHG FROG, our goal is to find
while tho;e _satlsfylng the mathem.au.cal—forr.n constramt, eqhe pulse field E®*1(t,), t,=1,...N, that minimizes the
(15), are |nd|c§teq by the lower eII_|pt|caI region. Thg S'gnal'functional distance:
pulse field satisfying both constraints, the intersection of the N
two elliptical regions, is the solution. And it uniquely yields 7 2 |E('-‘)
the pulse fieldE(t). =%
The solution is found by making “projections,” which _ ) )
have simple geometrical analogs. We begin with an initialZ is now afur_lct|on of thé\ parameters of the next iteration
guess at an arbitrary point in signal-field spaosually a  ©f the pulse f'e|CE(k+l)(t_i)’ ti=1,...,N. The analogous ex-
signal field consisting entirely of random numbershich ~ Pression for PG FROG is
typically satisfies neither constraint. We then make a projec- N
tion onto one of the constraint sets, which consists of moving 2= >, IE(S'i‘;(ti 1) = ERE D) |ERT D (- ) |32
to the closest point in that set to the initial guess. Call this =t 18)
point the first iteration. From this point, we then project onto
the other set, moving to the closest point in that set to the OnceE®"1)(t;) is found, the corresponding signal field
first iteration. This process is continued until the solution iscan be computed for this pulse field using Etp) and will
reached. When the two constraint sets are corfadixine  be the next iteration for the signal fieIcEQi‘g”)(ti ' Tj)-
segments connecting two points in each constraint set li€learly, Eg‘fg“)(ti ,7j) satisfies the mathematical-form con-
entirely within the sét then convergence is guaranteed. straint exactly. And, because it also minimiz&sthe process
Unfortunately, the constraint sets in FROG are not conin which E{)(t;, ;) is replaced witiEY, ) (t;,7;) is a GP.
vex. When a set is not convex, the projection is not neces- In order to perform this minimization, we compute the
sarily unique, and a “generalized projection” must be de-direction of steepest descent: the negative of the gradient of
fined. The technique is then called generalized projectiong with respect to the fiel@*"1)(t;) at the current value for
(GP), and convergence cannot be guaranteed. On the othéte field, EM(t;). In other words, we must compute the de-
hand, the error between the FROG trace of the current signaivative of Z with respect to each time-point in the complex
field and the measured FROG trace can be shown to contintield. This vector consists of thél complex numbers,
ally decrease with iteration number, and, although it is con— 9z/JE*T1)(t,) evaluated atE**(t)=EX(t;). This
ceivable that the algorithm may stagnate at a constant valuepmputation is somewhat tedious, so we have compiled the
this approach is quite robust in FROG problems. And, wherexpressions for gradients for the various forms of FROG in
combined with other algorithmic methods?it is extremely  the Appendix.
robust. In practice, we have found that it is not necessary to find
GP is implemented in FROG by considering the pulsethe field,E(t;), that precisely minimize& on each iteration.
field, E®(t;), the signal field in the (time delay domain,  In principle, in a typical minimization procedure, one would

Eg'i‘g(ti ,7j), and the signal field’s Fourier transform with re- find the distance in the direction of th@egative of thg

(ti, ) —E*DHER V(- 7)[2 (17)
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gradient that minimizeZ, and then would recompute the ~1% Weak

above gradient for this new field, find the distance along this _/\ Refgetor e

new gradient that minimize&, etc. In fact, it is only neces- -

sary to find the above gradient and to perform the one- J\Sﬁ,’se .

dimensional minimization along this direction once. While ' sl Spectrometer

this new field will not be the precise projectidthe mini- [Froa] N R;f?zz;:r

mum of Z), it is approximate, and it suffices in FROG pulse

retrieval. Indeed, because it is only one step in a larger proric. 12. TADPOLE(the combination of FROG and spectral interferomptry

cedure, later steps make up for this inaccuracy, and, as t®am geometryfrom Fittinghoff et al. Ref. 18. Measurement of the spec-

result, this approximate procedure results in a significant| rum of the sum of_two pulses is suffi_cient to yield the intepsity and phase of
. . one of the pulses if the other pulse intensity and phase is known.

faster pulse-retrieval algorithm overall. And, because the

multidimensional surface represented fbyecomes parabo-

loidal near the global minimum represented by the ultimate

lution for th Ise. th Il algorithm | ; | ever, produce signal pulses with fJ of energy or less. Of
solution for the pulse, the overal algorithm 1S eXremely ac-q,, .sa the information available in the spectroscopy mea-

cu_ratte. This p'rgogessl\xsu_altly rﬁ?”"g;j tfew seconds:o a fe%rement would be greatly enhanced if full characterization
minutes on a or Macintosh for races, SOmeUmes ¢ yhe yitraweak signal pulse were possiBie®” Thus, it is

o s o et S, esiable (o b able (o mecsure wedker piss
u u pu u US* While such a measurement would seem nearly impos-

ing FROG is the “FROG error.” It is the rms difference sible, it can be achieved in nearly all cases by making the

Eetween_ the meazurhed trat?ﬁ)od"’i /7)) (normallzde? to following observation: ultraweak pulses never occur alone;
have unity |(3jea}<|an f_t Ie (t[)aCéFROﬁ(“’i I’(T_J')d(?ompmi oM they are always created by significantly stronger pulses in-
the retrieved pulse field&™(t;), wherek indicates the most teracting in some manner with a medium. As a result, the

recent iteration. It is given by stronger pulse may be measured using FROG and can be
1 X ® ) utilized as a known reference pulse for the purpose of mea-
G= N2 ”241 [l erod @i, 7)) — alFrod @i, 7j)[%, (19) suring the ultraweak unknown pulse. A variety of techniques
' that utilize a reference pulse are available. Probably the sim-
where « is the real number that minimizeS (required for  plest and most sensitive is spectral interferometry, which has
renormalizatioh For noise-free dat& should be limited by  peen known since 189%:86:88-99
machine erroftypically, we achieve values of 10~ ). The Spectral interferometry involves simply measuring the
resulting FROG error for experimental traces should indicatgpectrum of the sum of a reference pulse and the unknown
the experimental error. Typical values for FROG errorspylse. This yields sufficient information to fully determine
achieved in experiments with 128128 arrays using PG the unknown pulse, provided the reference pulse is known.
FROG are<1% and using SHG FROG are0.5% (be-  Since spectral interferometry is an entirely linear measure-
cause there is less noise background in SHG FR@Bors  ment, it is extremely sensitive. Fittinghoéft al,'® (calling
tend to be lower for larger arrays because, due to the fagshe combination of FROG and spectral interferometry: tem-
Fourier transform relations between the delay and frequencygoral analysis by dispersing a pair of light E-fields or TAD-
axis ranges and increments, the fractional area of the traqeOLE), have measured a reference pulse using SHG FROG
that is nonzero is less in the larger array traces. The generghd have used this known pulse to measure the full intensity
result isG~ (TBP/N)"%, where TBP is the time-bandwidth and phase of a train of pulses containing on average 1/5 of a
product of the pulseg is the error in the trace data points photon each. The beam geometry for this measurement is
where the trace is nonzero, ahtk N is the array siz&° In shown in Fig. 12.
this calculation, we have assumed that the noise is multipli-  \We should also mention that complex shaped pulses are
cative. For additive noise, the error pervades the entire trac@yrobably best measured with TADPOLE because it requires
soG~e, independent of TBP ani. only a single spectral measurement. FROG, on the other
There is additional information on the running of this hand, requires\ spectral measurements to produce the full
algorithm in another publication we have written, and theNx N time-frequency-domain trace. Thus, a pulse with sig-
interested reader is referred to that publicaflorA user- nificant structure can yield a very large FROG trace and
friendly version of the FROG algorithm can be purchasedequire a long time for algorithm convergence. In addition,
from Femtosoftwww.wco.com/~fsoft/). complex shaped pulses are usually created using a pulse-
shaping apparatus that starts with a very simple smooth
VIIl. THE MEASUREMENT OF WEAK OR COMPLEX pl_JIse. Consequently, the simple pulse could be measured
PULSES: TADPOLE ywth FROG and then useq as the refer.ence pulse for measur-
ing the shaped pulse using spectral interferometry. Such a
All techniques for the measurement of ultrashort laselTADPOLE set up would significantly simplify the measure-
pulses require the use of a nonlinear-optical medium andnent and the analysis.
hence have limited sensitivity. The most sensitive intensity  In addition, since spectral interferometry requires mea-
and phase measurement technique known is SHG FROGuring only a single spectrum, the remaining rows of the
and its sensitivity is on the order of 1 pJ for multishot mea-camera array could then be used to obtain intensity and
surements. Many ultrafast-spectroscopy experiments, howshase information as a function of a spatial coordinate of the
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beam. In such a measurement, it is important that the refethank the Optical Society of America for permission to re-
ence pulse is spatially filtered to ensure flat-phase wavefronggrint Figs. 6, 7, 10, 11, and 12 from previous OSA publica-
(or at least known wavefrontsThis has been done with a tions.
fully characterized reference put§and previously with an
uncharacterized reference pufée. APPENDIX: EXPRESSIONS FOR THE

In addition, both polarizations may be measured simulMATHEMATICAL-FORM-CONSTRAINT GRADIENT
taneously using TADPOLE, and, as a result, the timeFOR IMPLEMENTATION OF GENERALIZED
dependent polarization of a weak ultrashort pulse may b&ROJECTIONS IN FROG PULSE RETRIEVAL
measured. This has been done, and the method has been |, the FROG pulse-retrieval algorithm, it is necessary,

called polarization labeled interference versus wavelengttyhen using the generalized-projections technique, to mini-

; 0
for only a gllnt.(POL!_IWO_G).l ! . __ mize the functional distance,, [Eqg. (16)]. In order to do
While detailed discussion of the work mentioned in thisyhis  we compute the gradient o with respect to

section is beyond the scope of this article, we mention it herg:(k+1)(t ) wheret,=1,...,N. We will thus need to compute
for completeness and refer the interested reader to the orighz/ s+ 1)(t,) for each value of,. Each of thes& com-

nal articles on this subject. plex quantities is then a component of the complex gradient
vector. In practice, we actually compute thi 2eal quanti-
ties, 9Z/[ Re[dE®TI(t)}] and aZ/[Im{EX V(t)}]. The ex-
pressions for these quantities are given below. Note that, in
In practice, FROG works well. There are, however, this Appendix, we have dropped the superscripts to simplify
some improvements that will be welcome. The FROG algothe complex equations that result. This can be done because,
rithm requires a minute or so to converge, and it would bethroughout this Appendix, the signal fielHg(t,7), always
nice to speed up the process. We are currently developing andicates thek™ iteration for the signal fieldE{)(t; ,7;) in
artificial neural network for retrieving pulses from FROG the texi, and the pulse fieldE(t), always indicates the
traces. The advantage of the use of a neural net is that, while+ 1% jteration for the pulse fieldE®*1(t,) in the tex).
training such a net is very time consuming, running the reFinally, in these computations, we will make use of the
sulting net on a trace will be very fast. The running of the netsimple results:
is simply a finite set of multiplications and additions, with no E(t) JE(t)

IX. FUTURE DIRECTIONS

iterations involved. The computer time required for such a-———————=6(t;—t,) ———=——=id(tj—ty),
computation is on the order of milliseconds. Preliminary re- Re[E(t)} C o Im{E(} L
sults for a reduced set of pulses have been encourdffing.  JE*(t;) JE*(t)

Work is underway to extend FROG to other wavelengthy Re[E(t,)} i~k 3 ImE(t)} o~ b,
ranges. Recent efforts have demonstrated FROG at mid'lR&E(t— ) JE(t— 7))
wavelengths$>* These efforts can be considered straightfor- L =St Tt s =i 8
ward because autocorrelations have been demonstrated fOREtE(t)} J IME(t)}
many wavelengths. We look forward to seeing such demon- 1),
strations in other ranges as well. .

Finally, while the combination of FROG and spectralmzé(ti_ﬁ_tk)'

interferometry solves many problems that would be imposd RE[E(ti)}
sible to solve with FROG or spectral interferometry alone, itgg* (t; — 7)) _
would be helpful if FROG’s sensitivity and range of pulse 7ymrE(,)} — —1o(t— 1~ ty). (A1)
complexities could be extended, so that the spectral interfer-

ometer is not necessary for some applications. Fortunatehld. SHG FROG

materials studies relevant to other problems, such as optical \ya consider SHG EROG first because its equations are

communications and computing, will produce new materiaIs[he simplest. In SHG FROG, the signal field is given by

with fast and large nonlinearities and hence will benefit SHG({ )= E(1)E(t— 1) (A2)
,T)= - T).

ultrashort-pulse measurement, as well. As a result, we can Esig
look forward to rapid advances in ultrashort-pulse measureSg the distance function to be minimized is

ment as they occur elsewhere. N

2= 3 [Eglti )~ E(HE(t—7)I (A3)
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Mz

(—8(t—

t)E(t— 1)
1

i

—E(t)8(t— 7j— 1)) " +c.c. (A5)

Substituting foroS"¢
= 2~ Edgltio m)E(te 7))+ E* (W] E(te7) |7

Edy(tit 75, 7 E(tict 7)) + E* (1) [E(ty+ 7)) |2

+c.c. (A6)
Similarly,
9zshe N JE(t;
= (—¢ E(ti—7y)
d Im{E(ty)} =1\ 9 Im{E(ty)}
BE—T) | she
—E(t)) m o +c.c. (A7)
N
=i ”21 (= 8(ti—t)E(ti— 7)) —E(t;) 8(t;— 7 —ty))
X aSH +c.c. (A8)
N
=i J_Zl — Egig (i, ) E(t— 7)) + E* (t) |[E(ty— )|?
—Egy (tet 77, 1) E(tt 7)) + E* (1) | E(te+ 7)) |2
+c.c. (A9)
B. PG FROG
In PG FROG, the signal field is given by
ESS(t, ) =E(V)|E(t—7)|% (A10)
So the distance function to be minimized is
N
zZPe= E |Esiglti 7)) —EM[E( =) (A1D)
The gradient is then
JgZPe N JIE(t;
= (—¢ E(ti—7)|?
Jd RE[E(tY} =1\ J ReE(ty)}
U oReEM)y -
&E* (tl - TJ) e
—EMt)E(ti— 1) JRE(],”
+c.c., (A12)
whereo"C is the quantity in the outer absolute-value brack-

ets in Eq.(A1l). Using Eq.(A1), we have
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N
=”2:1< S(t—t) |E(ti— 7)) |2~ E(t)) 8(t; — 7y~ ty E*
X (ti_ Tj)_ E(tl)E(tl_ Tj)ﬁ(ti_ TJ _tk))O'PG* +C.C.,
(A13)
N
ijl — Egig (i, 7)) [E(t— ) |2+ E* (t) | E(te— )|
(A14)
— (E(t)) + E* (1)) (Egg (t+ 75, 7)) E(ty+ 77)
—[E(t)E(ty+7))]?) +c.c. (A15)
and
9ZPC N IE(L) ,
RS (_ 7 Im{E} | F T
JE(ti— 7)) .
—E(t)mE (ti—m)—E(ti—m7)
X E(t)) (t—)) PGt c.c., (A16)
a IM{E(t)}
N
=|HZ=1 (= 8(t =t |E(ti—7) |2 = E(t)) 8(t; — 7y~ )
XE*(ti_Tj)+E(ti)E(ti_Tj)&(ti_Tj_tk))O'PG*
+c.c., (A17)
=ij§l( E&s (i, 7 E(tit 7)) 2+ E* (4 [E(ty— )| *
— (E* (t)) — E(t)) (Egg (t+ 75, 7)) E(ty+ 79)
_|E(tk)E(tk+ T])| )+C.C. (A18)
C. SD FROG
In SD FROG, the signal field is given by
ESo(t, ) =E*(DE* (t—17). (A19)
So the distance function to be minimized is
N
= 2 [Eaglti, 7) — EX(6)E* (ti— 7))|? (A20)
ij=
9ZSP N JE(t)
TRAEM)] (‘ZE“‘) TReE(R) & T
IE* (t;— 7)) "
—EA(t) TREE(LT Re{E(tk)})USD +c.c.,
(A21)
where oSP is the quantity in the absolute-value brackets in

Eq. (A20) Using Eq.(Al), we have

2 (—2E(t;) 8(t;

2, —t ) E* (t;— 7)) —EA(t))

X 8(ti— m—t,)) o +c.c. (A22)

Ultrashort laser pulses 3293



:,Z — 2B (ty, 7)) E(t) E* (t— 7))

+2E*(tk)|E(tk)E(tk_ 7-j)|2 s|g(tk+ Tj 17'J)
X E2(t+ 7)) + E(t)| E(t+ 7)) [*+c.c. (A23)
and
9Z5P N IE(t))
TIEG] 1 ( 2B TimEry & T
IE* (t;— 1) "
_E2ty — ' 1) _SD
E<(t;) P Im{E(tk)})U +c.c. (A24)
N
=iij221 (= 2E(t)) 8(t; — ti) E* (t;— ) + E%(t;)
X 8(ti— 71— t,)) o +c.c. (A25)
=12 ~2Eg5 (b T EMWIE (b= 7)
+2E*(tk)|E(tk)E t _’Tj)|2+ Eél’(;(tk—’_ T]' ,Tj)
X E2(ty+ 7)) — E(t) |[E(t+ 7)) |*+c.c. (A26)
D. THG FROG
In THG FROG, the signal field is given by
ESC(t, 1) =EX(D)E(t—17). (A27)
So the distance function to be minimized is
N
ZTHG:ilz:l |Esig(ti »7j) — E2(t)E(ti— 7))] 2. (A28)
The gradient is then
9Z™¢C ( JE(t))
——= —2E(t) ===~ E(ti— 7
TRAEG] 12 | 2B FRaEmy G
é’E(ti_T') %
_E2(%. J THG
E-(t) TREE(LT Re{E(tk)})U +c.c.,
(A29)
whereg™HC

Eq. (A28). Using Eq.(Al), we have

2: (—2E(t) 8(t —t) E(t— 7) — E*(t)

X 8(ti— 71— 1)) o +c.c. (A30)
N
:Z — 2E g (1, ) E(t) E(ty— 1) + 2E* (ty)
X |E(t) E(ty—7))|?
Slg(tk+ 7| ,TJ)E (tet 7))
+E*(tk)|E(tk+ TJ)|4+CC (A31)

and
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9ZTHC % ( JE(t;)
TImEL)] 2| 2EW FimiEgy G
ﬁE(ti—Tj) *
—E4(t)) SIMIELT Im{E(tk)})UTHG +c.c.
(A32)

N

=i,,21 (—2E(t) 8(t —t) E(ti— 1) —EX(t;)
L=

X 5(t- —7—t))o " +c.c. (A33)
=i E — 2E g (t, 7)) E(t) E(t— 7y)

+2E* (1)) |[E(t) E(t— 7)) [~ Egg (tet 77, 7))

X E2(t+ 1)+ E* ()| E(t+ 7)) [*+c.c. (A34)
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